Almost Chebyshev Subsets in Reflexive
Banach Spaces

KA-SING LAU

§1. Let K be a nonempty subset in a (real) Banach space X. For each
x € X, we say that y € K is a best approximation from x to K if Ix = || = inf
{||x —z|:z € K}. A set K is called proximinal (Chebyshev) if every point x € X
admits a (unique) best approximation from K. It is easy to see that in a reflexive
Banach space every weakly closed subset is proximinal; however, the state-
ment is not true for arbitrary (norm) closed sets. In [8] Ste€kin proved that for
any closed subset K in a uniformly convex space, the set of points in X which
fail to have unique best approximation from K is a set of first category. We call
a set with the above property almost Chebyshev. This concept has been studied
by many authors (cf. e.g. [1], [2], [4], [5], [6]). A remaining unsolved problem
is: Is every closed subset in a reflexive locally uniformly convex space almost
Chebyshev [7, p. 375]? In this note, we give a positive answer. We remark that
the answer is not true for reflexive strictly convex spaces [Edelstein, 2] or
locally uniformly convex spaces [Cobzas, 1]

§2. Let X be a Banach space. We use X* to denote the dual of X. A real-
valued function f on X is said to be Fréchet differentiable if for each x € X,
there exists an x* € X* such that for any € > 0, there exists n > 0 which satis-
fies

|fO) —f@) —(x*y =) < ¢y —x|| Vy—x<n
For x € X, a functional x* in X* is called a local e-support of f at x if there
exists an n > 0 such that
X = Y| < m=>f0) —f&x) =(x*y — x) — €|y — x|
Note that the x* in the above definition depends on e. In [3], Ekeland and
Lebourg proved ‘

Proposition 1. Suppose X is a Banach space which admits a nonnegative
Fréchet differentiable function with bounded nonempty support. Then for any
€ > 0 and for any lower semicontinuous function fon X, there exists a dense
set of points in X where fis locally e-supported.
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Let K be a closed subset in a Banach space X. We define the distance func-
tion r from x € X to K as

r(x) = inf {||x — z||: z € K}, x € K.

Note that [r(y) — r(x)| = |y — x| for all x, y € X. Furthermore, for x & K,
0 < € < min {r(x), 1}, we can find a z € K such that |x — z|| < rx) + €. Lety
be a point on the line segment jointing x and z with ||* — ¥|| = €. We have

— x — z|| — —z|| — €
=) | kA= -
lx = ¥ | = ¥
Hence,
lim M:l, x & K.
v—z XY

Lemma 2. Let K be a closed subset in a Banach space X. Suppose x € K
and suppose r is locally e-supported by an x* at x. Then Xl — 1] = e

Proof. Letmn > 0 be chosen as in the definition of local e-support. We have
for any = x| <m

=) ;s<x* Ly

X =3 B |
and
<x* y—x‘>s r(y)*r(x)‘+esl+e
[ ||y = x|
Since lim M =1,wehave1—es||x*||51+e.
vz XY

Let B(x, d) denote the closed ball with center at x and radius d. For any
closed subset K in X, x & K, x* € X*, ¢, § > 0, we let

S(x, x*, €,8) ={z:z € B(x, r(x) + 8),(x*, z — x) = —r(x)(1 — ¢€)}
and
A= {x € X\K: B(x, r(x) + 8) N K C S(x, x*, €, §)
for some & > 0, L — 1) < €}.
Lemma 3. Let X be a Banach space which admits a non-negative Fréchet
differentiable function with non-empty bounded support. For 0 < € < —;—’, let
A, be defined as above. Then A, is an open dense subset in X\ K.

Proof. We first prove that A, is an open subset in X\ K. For x € A, let x*,
8 be chosen as in the definition. We may assume further that the distance from
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K N B(x, r(x) + 8) to B(x, r(x) + 8)\.S(x, x*, €, &) is positive, say 8 > 0 (for
otherwise, we can take cx*with ¢ > 1, | ||cx*|| - 1| < €, in the definition of A,).

Let o = min {%, -’lzi }; for ||y — x| < a, we let y* = x*, We need to show

(*) B()’, r()’)+a)mK§S(y,Y*, €, a) V“y-—x||<oz.
Note that for z € B(y, r(y) + «) N K, |z = x| < r(x) + 3, hence z + w €

B(x, r(x) + 8) for all [[w]| = 2a. That & = —& implies z + w & S(x, x*, &, ) for
|w|| = 2. 1t follows that

(x*,z = x) = —r(x)(1 — € — 2a||x*||§
Now forz € B(y, r(y) + ) N K ’
y*,z=y) =(x*z—-y)

=(x*,z—x) + o ||x*||

= —r()(1 — & — 2 a|px¥|| + o ||x¥|
< —rO)(1 — & + a(l — € — al|¥|
= —riy)1 — ¢).

Hence (*) is proved. To prove that A, is dense in X\ K, by Proposition 1, it
suffices to show that if r is locally f—supported by x* at x, then x € A,. With-

out loss of generality, we assume that r(x) < 1. Let 0 < n < 1 be a number

satisfying the definition of local —:—-support of rat x and let § = _’f)_G__ifQC)_ For
z € B(x, r(x) + 8) N K, we have —;7— (z — x)|| < m, hence

€ Ui N
——4——5‘ ”z—x”+<x*,7 (z—x)>
n

Sr(7 z+< ——g)x)——r(x)

=(1=5 )z ==l = Gz = ) - ®

IA

||z —x|| + &

- r(x) + 8.

SYEINIE

Dividing the inequality by—;’— ,we have
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(x*,z —x) = —r(x) + 28 + = (r(x) + 8)
n 4

= —r(x) +% r(x) + —;— r(x)
= —r(x)(1 — ¢).

This implies B(x, r(x) + 8) N K C S(x, x*, €, 8) and hence, by Lemma 2, x € A..

A Banach space is said to have property (K) if for any sequence x,, — x weak-
ly and ”xn” — ”x” then x, — x in norm. It is well known that every locally
uniformly convex space has this property. A subset K in X is called almost
proximinal (almost Chebyshev) if the set of x € X which admits best approxi-
mation (unique) from K is a second category subset in X.

Theorem 4. Let X be a reflexive Banach space with property (K). Then
every closed subset in X is almost proximinal.

Proof. 1Itis clear that every point in K has a best approximation, hence, we
need only consider X\ K. Recall that if X is reflexive, then X admits an equiva-
lent Fréchet differentiable norm [9]. Lemma 3 implies that the set
A =0N,>, A, isadense G; subset in X\ K. For x € A and for each n > 2,

n

choose z, EB (x, r(x) + —’1—) N K. By the reflexivity, {z,} has a weakly con-

verging subsequence. Without loss of generality, we assume that z, — z weak-
ly. Note that

anB(x,r(x)+—I—)DKQS(x,x;};,L,Sm) Vm < n.
m m
Hence for each fixed m,
% — — —_—
(X%, Zn — X) = —r(x) (1 ” ) Vm = n.

“This implies

and

1 v
|| - |2 — X]| = rx) (1 — 7) Vm.

We thus have lim 1zn — x|| = r(x) = Iz = x||-

n—

Since X has property (K), we conclude that (z, — x) — (z — x) in norm, i.e.
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z, — z innorm. As K is closed, z € K and is a best approximation from K to x.

Theorem 5. Let X be a reflexive locally uniformly convex space, then every
closed subset K in X is almost Chebyshev.

Proof. 1Itis proved in [8] that for any closed subset K in a locally uniformly
convex space, the set of x which has not more than one (may be none) best
approximation from K is a dense Gjs. Together with the above theorem, we
conclude that every closed subset in such a space is almost Chebyshev.
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